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A theorem of G. Po lya states that an entire function of exponential order less
than 1 or of exponential order 1 and type less then log 2 which takes integer values
on the set N of nonnegative integers is a polynomial. The bound log 2 is the best
possible since the map z [ 2Z is not a polynomial and takes integer values on the
set N. The aim of this paper is to prove for the polynomial ring Fq[T] a theorem
similar to the theorem of Po lya.  1997 Academic Press
A theorem of Po lya [9], states that an entire function of exponential
order less than 1 or of exponential order equal to 1 and of type less then
log 2 which takes integer values on the set N of nonnegative integers is a
polynomial. The bound log 2 is the best possible since the map z [ 2Z is
not a polynomial and takes integer values on the set of nonnegative
integers.
In the following, we prove an analog to the theorem of Po lya for the ring
Fq[T] of polynomials over the finite field Fq . The statement of this
theorem needs some definitions.
I. DEFINITIONS AND NOTATIONS
Let q be a power of a prime number p. We denote by A the ring Fq[T]
and by K the field Fq(T ). Let &=& denote the infinite valuation on the
field K. Then,
& \AB+=deg B&deg A
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for each pair (A, B) of nonzero polynomials. The completion K of K for
this valuation may be identified with the field of Laurent series Fq((T &1)),
the valuation & extending to nonzero elements in K by
&=\ :
+
s=&
as T s+=&Sup[r # Z | ar {0].
We associate to the infinite valuation &=& the absolute value | | defined
by
|a|=q&&(a) if a{0, |0|=0,
Let K be an algebraic closure of the field K . The valuation &, respec-
tively, the absolute value | |  , extends to a nondiscrete valuation (resp. an
ultrametric absolute value on K). Let &, respectively | | , denote this
extension. Let 0 denote the completing of K for the absolute value | | .
Let &, respectively | | , denote the extension of &, respectively | | , to 0.
One knows (cf. [11]), that 0 is algebraically closed.
A polynomial f # K[X] is called an integer-valued polynomial if f (H) # A
for any H # A. Let Int(A) denote the set of all integer-valued polynomials.
By the general theory of integer-valued polynomials over integral domains,
one knows that Int(A) is a A-module. Moreover, Int(A) is a free A-module,
since A is principal (cf. [8, 9]). Carlitz has constructed sequences which are
A-basis of the A-module Int(A) (cf. [2]).
In the sequel, we have to deal with two types of polynomials, elements
of the ring A and polynomials with coefficients belonging to the field 0.
We denote by deg (A) the degree of A # A and by degX ( f ) the degree of
any polynomial f # 0[X]. Since deg (A)=&&(A) for any A # A, the degree
function extends to a map defined on the field 0 by deg (!)=&&(!) for
any ! # 0. As usual, we agree that the degree of the zero polynomial is
&. Let
f (X)= :
+
n=0
bn Xn
be a series of powers with coefficients in the field 0. For any real number r,
let
Mr( f )=Sup[rn&&(bn) ; n # N], (1.1)
the supremum being in R . We notice that Mr(0)=&.
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Definition. We say that f defines an entire function on 0, or, briefly,
that f is an entire function, if the series
:
+
n=0
bnzn
converges everywhere on 0.
We note that the following statements are equivalent:
(i) f is an entire function,
(ii) for any z # 0, the sequence (&(bn)+n&(z)) tends to the infinity
when n tends to the infinity.
We also not that if f is an entire function, &(bn) is positive for n large
enough.
Let Ent(0) denote the set of all entire functions with coefficients in 0.
We note that Mr( f ) is finite for any nonzero f # Ent(0).
Let %>1 be a real number. For f # Ent(0), let A(%, f ) be the set of real
numbers a satisfying the following property: There exists a real number
r(a) such that for any real number rr(a), one has
Mr( f )%ra. (1.2)
If the set A(%, f ) is empty, we say that the %-order of f is +, if the set
A(%, f ) is not empty, the lower bound |(%, f ) of the set A(%, f ), possibly
equal to & is called the %-order of f. This definition generalizes the
definition of the order of an entire function given in [12]. The order in the
sense of [12] is the p-order in our meaning. We choose to deal with the
q-order, which is well suited for our problem. We note |( f ) the q-order of
f. For f # Ent(0) such that |( f ) is a real number, let B( f ) be the set of
nonnegative real numbers b satisfying the following property: There exists
a real number r(b) such that for any real number rr(b), one has
Mr( f )bqr|( f ). (1.3)
If the set B( f ) is empty, we say that the type of f is +, if the set B( f )
is not empty, the lower bound {( f ) of the set B( f ), is called the type
of f.
II. THE MAIN THEOREMS
The aim of this paper is to give a proof of the following theorems.
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Theorem 1. Let f be an entire function defined on 0 with q-order less
than or equal to 1, and such that f (A) reduces to the singleton [a]. Then,
either f is the constant polynomial equal to a, or
|( f )=1, {( f )
1
exp(1) log(q)
.
Theorem 2. Let f be an entire function defined on 0 with q-order less
than or equal to 1, and such that f (H) # A for any H # A. Then, either f is
a polynomial belonging to the ring Int(A), or
|( f )=1, {( f )
1
exp(1) log(q) qqq&1
.
In the case of Fq-linear functions, these theorems may be improved in the
following manner.
Theorem 3. Let f be a Fq-linear entire function defined on 0 with
q-order less than or equal to 1, and such that f (A) reduces to the singleton
[0]. Then, either f is the zero polynomial, or
|( f )=1, {( f )
qqq&1
exp(1) log(q)
.
Theorem 4. Let f be a Fq-linear entire function defined on 0 with
q-order less than or equal to 1, and such that f (H) # A for any H # A. Then,
either f is a polynomial belonging to the ring Int(A), or
|( f )=1, {( f )
1
exp(1) log(q)
.
In order to prove this theorem, we prove that any f # Int(0) such that
either |( f )<1, or |( f )=1, and {( f )<1exp(1) log(q) admits an expan-
sion as a series
f (X)= :
+
n=0
an( f ) Hn(X),
where (Hn) is one of the Carlitz A-basis of the A-module Int(A). Goss [3]
has given a sufficient condition under which an entire function admits an
expansion (4.17) below. One can use two criteria to know if a given entire
function admits an expansion as a series (4.17), the criterion given in [3]
or the criterion using the q-order given in this paper. One can verify that
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an entire function for which the criterion given by the q-order is satisfied
(see Theorem IV.7 below), satisfies Goss’s criterion.
We also prove that 1 is the best bound for the q-order and that
Theorems 3 and 4 give the best bounds for the types exhibiting a Fq-linear
entire function e{0 mapping A on [0], with q-order |(e)=1 and type
{(e)=qqq&1exp(1) log(q) and a Fq-linear entire function f mapping A on
A, with q-order |( f )=1 and type {( f )=qqq&1exp(1) log(q).
III. THE q-ORDER OF AN ENTIRE FUNCTION
In this section we give two results concerning connexions between the
q-order or the type of an entire function and the growth of its coefficients.
Only the first result is used in the sequel of this paper. The second result
generalizes a theorem established by Yu (cf. [12]) in the case of Fq-linear
entire functions.
Proposition III.1. Let
f (X)= :
+
n=0
bn Xn
be an entire function defined on 0 with finite q-order. Then,
(1) for any real number % such that |( f )<%, there exists an integer
n1 # N such that
&(bn)
n logq(n)
%
(3.1)
for any integer nn1 ;
(2) if |( f )=1, and if f is of finite type, for any real number : such
that {( f )<:, there exists an integer N1 # N such that
&(bn)n logq(n)&
n
log(q)
(1+log(: log(q))) (3.2)
for any integer nN1 .
Proof. We suppose |( f )<. Let | # ]|( f ), %[. There exists a real
number \ such that
r\ O Sup[nr&&(bn) ; n0]qr|. (1)
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Then, for nq\|, if we take r=log(n)| log(q), we get
&(bn)
n log(n)
| log(q) \1&
|
log(n)+ ,
and for nmax(q\|, exp(%%&|)), (3.1) is true. We suppose |( f )=1 and
{( f )<. Let : # ]{( f ), %[. There exists a real number \ such that
r\ O Sup[nr&&(bn) ; n0]:qr. (2)
Then, for n: log(q) q\, we get (3.2), taking r=log(n: log(q))log(q).
Proposition III.2. Let
f (X)= :
+
n=0
bn Xn
be an entire function defined on 0. Then,
|( f )= lim
n   \
n logq(n)
&(bn) + . (3.3)
If the q-order of f is finite, then,
{( f )= lim
r   \
Mr( f )
qr|( f )+ . (3.4)
Proof. Let
*( f )= lim
n   \
n log(n)
&(bn) + . (1)
Then, *( f )0. We suppose *( f )<. If * is a positive real number such
that *( f )<*, there exists an integer N1N such that
nN1 O \n log(n)&(bn) +<*. (2)
From this, we get easily that
*( f )+=
log(q)
# A(q, f ),
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for any positive real number =, so
|( f )
*( f )
log(q)
.
The second part of the above proposition gives
lim
n   \
n log(n)
&(bn) +|( f ) log(q).
The proof of (3.4) being very easy, we do not give it.
IV. CARLITZ EXPANSIONS FOR ENTIRE FUNCTIONS
First, we recall the definition of some particular elements of the ring A,
and of some polynomials of the ring A[X], which have been introduced by
Carlitz (cf. [1, 2]).
For m # N, let
Dm= ‘
m
j=1
(T q j&T)qm&j if m>0, Dm=1 if m=0, (4.1)
Lm= ‘
m
j=1
(T q j&T) if m>0, Lm=1 if m=0. (4.2)
Then,
deg (Dm)=mqm. (4.3)
In the following, we denote by (nj) the sequence of the digits of the
q-expansion of n, by _(n) the sum of the digits of n and we agree that, if
n is a positive integer, when we write n as a finite sum
n=n0+n1q+ } } } +ns qs,
then, 0ni<q for any i=0, ..., s, and ns {0. For n # N, let
1n= ‘

j=0
Dnjj = ‘

j=1
Dnjj . (4.4)
For m # N, let
9m(X)= ‘
deg H<m
H # A
(X&H). (4.5)
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For any positive integer n, let
Gn(X)= ‘

j=0
9j (X)nj, (4.6)
G$n(X)= ‘

j=0
#$j (X), (4.7)
where
#$j (X)=9j (X)nj
#$j (X)=9j (X)q&1&Dq&1j
if nj {q&1,
if nj=q&1.
(4.8)
We note that, for any integer n, degX (Gn(X))=degX (G$n(X))=n, so, for
any field L containing K (Gn(X)), resp. (G$n(X)), is a L-basis of the L-vector
space L[X]. According to [2], (Gn(X)1n), (G$n(X)1n) are A-basis of the
A-module Int(A).
Any polynomial g # L[X] admits an expansion in the basis (Gn(X)1n).
The following proposition gives the coefficients of this expansion.
Proposition IV.1. The sequence (Gn(X)1n) is a A-basis of the
A-module Int(A). Moreover, let g # 0[X] be such that degX (g(X))k, let
g(X)= :
k
i=0
ai (g)
Gi (X)
1i
. (4.9)
be the expansion of g in the 0-basis (Gn(X)1n). Then, for any integer
i=0, ..., k, for any integer m such that qm>i, one has
(&1)m ai (g)= :
deg H<m
H # A
g(H)
G$qm&1&i (H)
1 $qm&1&i
. (4.10)
Proof. This result was proved by Carlitz in [2].
For any positive integer i with q-expansion i=i0+i1 q+ } } } +isqs, let
Gi*(X)=G$qs+1&1&i (X), (4.11)
1 i*=1qs+1&1&i . (4.12)
In view of (4.10), (4.11), and (4.12), we have
ai (g)=(&1)s+1 :
deg Hs
H # A
g(H)
Gi*(H)
1 i*
. (4.13)
155PO LYA’S THEOREM FOR Fq[T]
File: 641J 214509 . By:DS . Date:12:08:01 . Time:02:44 LOP8M. V8.0. Page 01:01
Codes: 1998 Signs: 782 . Length: 45 pic 0 pts, 190 mm
We extend (4.13) to entire functions. Let
f (X)= :
+
n=0
bn Xn (4.14)
belong to Ent(0). For any positive integer i with q-expansion
i=i0+i1q+ } } } +isqs,
let
ai ( f )=(&1)s+1 :
deg Hs
H # A
f (H)
Gi*(H)
1 i*
(4.15)
and let
a0( f )= f (0). (4.16)
Then, we define a map C from Ent(0) to 0[[X]] by
C( f )(X)= :
+
i=0
ai ( f )
Gi (X)
1i
. (4.17)
Definition. Let f # 0[[X]] be an entire function. We say that f
admits a Carlitz expansion if
(i) for any z # 0, the series C( f )(z) is convergent,
(ii) for any z # 0, C( f )(z)= f (z).
Remark IV.2. Let L be a field containing K. Then, for any g # L[X],
one has
C(g)= g. (4.18)
Proof. With (4.17), (4.9), (4.10), and (4.13).
We associate to any f # 0[[X]] with Taylor expansion (4.14), and to
any nonnegative integer N, fN # 0[X] and f (N) # 0[[X]] defined by
fN(X)= :
N&1
n=0
bnX n, (4.19)
f (N)(X)= :
+
n=N
bn Xn. (4.20)
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Proposition IV.3. Let f # Ent(0). Then, for any integer s0, for any
integer i # [qs, qs+1[, one has
ai ( f )=(&1)s+1 :
deg Hs
H # A
f (i)(H)
Gi*(H)
1 i*
. (4.21)
Proof. Since f is entire, f (i) is entire and, by (4.15), for any integer n,
an( f &f (i))=an( f )&an( f (i)). (1)
The difference f &f (i) is a polynomial of degree less than i, so, by (4.13)
and Proposition IV.1, for any integer ni, an( f &f (i))=0. Particularly,
0=ai ( f &f (i))=;i ( f &f (i))=ai ( f )&ai ( f (i)).
Lemma IV.4. Let s be a nonnegative integer and let i # [qs, qs+1[. Then,
(i) for any H # A such that deg Hs, one has
deg \Gi*(H)1 i* +
qi
q&1
&1&logq(i), (4.22)
(ii) for any x # 0 one has
deg (9r(x))rqr&
qr+1
q&1
+
|x| qqq&1
exp(1) log(q)
, (4.23)
deg \Gi (x)1i +
|x| qqq&1
exp(1) log(q)
_(i)&
qi
q&1
. (4.24)
Proof. Let i=i0+i1q+ } } } +isqs be the q-expansion of i. In view of
(4.3), (4.4), (4.5), (4.7), (4.8), (4.10), and (4.11), for any H # A such that
deg H<s, one has Gi*(H)=0, for any H # A such that deg H=s, one has
deg \Gi*(H)1 i* + :
s
r=0
(s&r)(q&1&ir) qr
qs+1
q&1
&s&
q
q&1
,
whence (4.22).
Let r be a nonnegative integer. According to [1, Theorem 2.1],
9r(X)= :
r
k=0
(&1)r&k _ rk& Xqk,
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where
_rk&=
Dr
DkLq
k
r&k
.
Let x # 0*. Let $=deg (x). Then,
deg (9r(x))max {rqr&kqk&qk q
r&k+1&q
q&1
+qk$ ; 0k<r= ,
deg (9r(x))rqr&
qr+1
q&1
+
q$+qq&1
exp(1) log(q)
,
that is, (4.23). In view of (4.3) and (4.6),
deg \Gi (x)1i + :
s
r=0
ir \& q
r+1
q&1
+
q$+qq&1
exp(1) log(q)+ ,
whence (4.24).
Proposition IV.5. Let f # Ent(0) with q-order |( f )1.
(i) If |( f )<1, let | be a real number such that |( f )<|<1. Then,
there exists an integer n1 # N such that for any integer in1 , one has
deg (ai ( f ))
qi
q&1
+\1& 1|+ i logq(i). (4.25)
(ii) If |( f )=1, if {( f )<1exp(1) log(q), let { be a real number such
that {( f )<{<1exp(1) log(q) and let %=logq(exp(1) { log(q)). Then, there
exists an integer N1 # N such that for any integer iN1 , one has
deg (ai ( f ))
qi
q&1
+%i&logq(i). (4.26)
Proof. Let
f (X)= :
+
n=0
bn Xn. (1)
Let i be a nonnegative integer and let s be such that i # [qs, qs+1[.
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Let H # A be such that deg Hs.
(i) We suppose |( f )<1. Let | # ]|( f ), 1[. In view of (3.1), there
exists n1 # N, such that
&(bn)>0 for any nn1 , (2)
log(q) \n log(n)&(bn) +<| for any nn1 . (3)
We suppose in1 . Then, for any integer ni,
deg(bnH n)ns&
n logq(n)
|
.
Since the map n [ ns&(n logq(n)|) is decreasing in the range nqs, we
have for any integer ni,
deg (bnHn)is&
i logq(i)
|
\1& 1|+ i logq(i).
By (4.14) and (4.22) we get
deg \f (i)(H) Gi*(H)1 i* +\1&
1
|+ i logq(i)+
qi
q&1
,
and then, (4.21) gives (4.25).
(ii) We suppose |( f )=1 and {( f )<1exp(1) log(q). Let { # ]{( f ),
1exp(1) log(q)[ and let %=logq(exp(1) { log(q)). In view of Proposi-
tion III.1, there exists N1 # N, such that
&(bn)n logq(n)&n%, for any nN1 . (4)
We suppose iN1 . Then, for any integer ni,
deg(bnHn)ns&n logq(n)+n%.
Since the map n [ n(s+%&logq(n)) is decreasing in the range nqs, we
have for any integer ni,
deg(bnH n)i(s+%&logq(i)).
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By (4.14) and (4.22) we get
deg \f (i)(H) Gi*(H)1 i* +i \%+
q
q&1+&logq(i)&
1
q&1
,
and then, (4.21) gives (4.26).
Remark IV.6. Let f # Ent(0) with q-order |( f )1. For u # 0, for any
positive integer i, let us define
Ai ( f, u)=(&1)s+1 :
deg Hs
H # A
f (uH)
Gi*(H)
1 i*
. (4.15)$
The above proof leads to the following results:
(i) If |( f )<1, if | is a real number such that |( f )<|<1, then,
there exists an integer n1 # N such that for any integer in1 , for any u # 0
such that deg(u)0, one has
deg(Ai ( f, u))
qi
q&1
+\1& 1|+ i logq(i). (4.25)$
(ii) If |( f )=1, if {( f )<1exp(1) log(q), if { is a real number such
that {( f )<{<1exp(1) log(q), if %=logq(exp(1) { log(q)), then, there
exists an integer N1 # N such that for any integer iN1 , for any u # 0 such
that deg(u)0, one has
deg(Ai ( f, u))
qi
q&1
+%i&logq(i). (4.26)$
From (4.25)$ and (4.26)$ we deduce that for any u # 0 such that deg(u)0,
for any x # 0, for i tending to +, the sequence
\_(i)(deg(x)+deg L1+[deg x]&deg D1+[deg x])
+deg(Ai ( f, u))& :

r=0
ir deg Lr+
tends to &. So, when f has its coefficients in K , and verifies |( f )<1
or |( f )=1 and {( f )<1exp(1) log(q), Theorem 3.2.23 in [3] gives us that
f admits a Carlitz expansion. We prove the same result for entire functions
with coefficients in 0. The proof is elementary and does not use any
generalization of the [3, Theorem 3.2.23].
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Theorem IV.7. Let f be an entire function defined on 0 such that
|( f )<1 or such that |( f )=1 and {( f )<1exp(1) log(q). Then, f admits a
Carlitz expansion.
Proof. Let
f (X)= :
+
n=0
bn Xn.
(I) We suppose |( f )=1 and {( f )<1exp(1) log(q). Let { # ]{( f ), 1[
and %=logq(exp(1) { log(q)). Let N1 # N be as in the above proposition.
Let NN1 be an integer, i # [1, ..., N] and let s # N be such that
i # [qs, qs+1[. Let H # A be such that deg Hs. By a proof similar to that
of (4.25), we get from (3.2) and (4.13) that
deg( f (H)& fN&1(H))N(s+%)&N logq(N)N%.
With (4.21) and (4.22), we get
deg(ai ( f )&ai ( fN&1))N%+
qi
q&1
&logq(i), (1)
which remains true for i=0.
(II) We suppose |( f )<1. Let | # ]|( f ), 1[. Let n1 # N be as in the
above proposition and Nn1 be an integer, let i # [1, ..., N], s # N, and
H # A be as above. From (4.13) we get that
deg( f (H)& fN&1(H))Ns&
N logq(N)
|
N logq(i)&
N logq(N)
|
.
With (4.21) and (4.22), we get
deg(ai ( f )&ai ( fN&1))
qi
q&1
+\1& 1|+ N logq(N), (2)
and we note that (2) remains true for i=0 since a0( f )=b0=a0( fN). Let %
be a negative integer. There exists n2 # N such that
Nn2 O \1& 1|+ N logq(N)%N&logq(N).
Let N1=max(n1 , n2). Then, for NN1 , for any i # [1, ..., N], (1) is true,
and in view of (4.25), (4.26) is satisfied for any iN1 . So, we deal only
with the case (i), where |( f )=1 and {( f )<1exp(1) log(q).
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Let x # 0. If x=0, then by (4.5), (4.16), and (4.17), C( f )(x)=
C( f )(0)=a0( f )= f (0)= f (x). We suppose x{0. Let $=deg(x). Let
iN1 . Then, with (4.24),
deg \Gi (x)1i +
|x| qqq&1
exp(1) log(q)
_(i)&
qi
q&1
,
(3)
deg \Gi (x)1i +(q&1)(1+logq(i))
|x| qqq&1
exp(1) log(q)
&
qi
q&1
,
so, with (4.26),
deg \ai ( f ) Gi (x)1i +%i+(q&1)(1+logq(i))
|x| qqq&1
exp(1) log(q)
&logq(i).
For i tending to +, the sequence (deg(ai ( f )(Gi (x)1i)) tends to &.
The series
C( f )(x)= :
+
i=0
ai ( f )
Gi (x)
1i
is convergent. For any integer i, let
v(i, x)=%i+(q&1)(1+logq(i))
|x| qqq&1
exp(1) log(q)
. (4)
Then, for NN1 , one has
deg \C( f )(x)& :
N&1
i=0
ai ( f )
Gi (x)
1i +v(N, x). (5)
Let NN2(x)=max( |x|, N1). We have
deg( f (x)& fN&1(x))N($+%)&N logq(N),
whence, with (4.18),
deg( f (x)&C( fN&1)(x))N($+%)&N logq(N). (6)
Let i # [0, ..., N]. With (1), (3), and (4.17), we get
deg \C( fN&1)(x)& :
N&1
i=0
ai ( f )
Gi (x)
1i +v(N, x). (7)
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Combining (5), (6), and (7), we get
deg( f (x)&C( f )(x))max(v(N, x), ($+%) N&N logq(N)),
for any NN2(x), so, f (x)=C( f )(x).
Corollary IV.8. Let a # 0 and let f be an entire function on 0 such
that
(i) f (H)=a for any H # A,
(ii) |( f )<1 or |( f )=1 and {( f )<1exp(1) log(q).
Then, f is the constant polynomial equal to a.
Proof. It suffices to prove the corollary in the case where a=0. If
f (A)=[0], in view of (4.15), ai ( f )=0 for any nonnegative integer i, and
C( f )(X)=0. Now then, under the condition (ii), for any x # 0, C( f )(x)=
f (x).
Theorem IV.9. Let f be an entire function defined on 0 satisfying the
two following conditions:
(i) f maps A on A,
(ii) |( f )<1, or |( f )=1 and {( f )<1exp(1) log(q).
Then, either f is a polynomial, or |( f )=1 and {( f )1exp(1) log(q) qqq&1.
Proof. Condition (ii) ensures that f admits a Carlitz expansion
f (X)= :
+
i=0
ai ( f )
Gi (X)
1i
.
with ai ( f ) given by (4.15).
In view of (4.25), in the case where |( f )<1, in view of (4.26) in the
case where |( f )=1 and {( f )<1exp(1) log(q) qqq&1, the sequence
(deg(ai ( f ))) tends to & when i tends to +. On the other hand, for
any H # A, f (H) # A and, according to [2], for any integer n, G$n(H)1n # A
and in view of (4.15) and (4.11), for any integer i, ai ( f ) # A. Then, for i
large enough, ai ( f ))=0, and f is a polynomial.
V. THE CASE OF THE Fq-LINEAR FUNCTIONS
In the case of Fq-linear entire functions, the above results may be
improved in the following manner.
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Theorem V.1. Let f be an entire Fq-linear function defined on 0 such
that |( f )=1 and {( f )<qqq&1exp(1) log(q). Then, f admits a Carlitz
expansion.
Proof. If
g(X)= :
+
n=0
ynX q
n
is an entire Fq-linear function defined on 0, for any integer j, the sequence
(v( yn)+qnj) tends to the infinity when n tends to the infinity. In view of
(4.3), the series
2j (g)= :
+
n= j
yn
Dn
Dq jn& j
(1)
is convergent. According to [1, Section 3], when g is a polynomial of
degree less than k,
g(X)= :
k
j=0
2j (g)
9j (X)
Dj
= :
+
j=0
2j (g)
9j (X)
Dj
. (2)
Now, let
f (X)= :
+
n=0
;nX q
n
be an entire Fq-linear function defined in 0, such that
|( f )=1 and {( f )<qqq&1exp(1) log(q). (3)
Let { be a real number such that {( f )<{<qqq&1exp(1) log(q). Let
%=logq(exp(1) { log(q)). (4)
In view of Proposition III.1, there exists an integer N1 such that
&(;n)nqn&%qn for any nN1 . (5)
Let jN1 . For any integer n j, one has
deg \;n DnDq jn& j+ &nq
n+qn(%+ j)%q j,
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and, by (1),
deg(2j ( f ))%q j.
Let x # 0. By (4.3) and (4.23),
deg \9j (x)Dj + &
q j+1
q&1
+
|x| qqq&1
exp(1) log(q)
;
hence, for jN1 ,
deg \2j ( f ) 9j (x)Dj +q j \%&
q
q&1++
|x| qqq&1
exp(1) log(q)
. (6)
By (3) and (4), the sequence (deg(2j ( f )(9j (x)Dj))) tends to & for j
tending to +. The series
f (x)= :
+
j=0
2j ( f )
9j (x)
Dj
(7)
is convergent.
For any positive integer N, let
gN(x)= :
N&1
n=0
;n xq
n
, (8)
hN(x)= :
N&1
n=0
2j ( f )
9j (x)
Dj
. (9)
Let NN1 . By (5), for nN,
deg(;nxq
n
) &nqn+qn(%+deg(x)).
The map n [ qn(%+deg(x))&nqn is decreasing in the range n%+
deg(x)&1log(q). Let NN2(x)=max(N1 , %+deg(x)&1log(q). Then,
by (8),
deg( f (x)& gN(x))qN(%+deg(x))&NqN. (10)
By (6), (7), and (9),
deg( f (x)&hN(x))qN \%& qq&1++
|x| qqq&1
exp(1) log(q)
. (11)
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By (2) and (9),
deg(gN(x)&hN(x))=deg \ :
N&1
j=0
(2j (gN)&2j ( f ))
9j (x)
Dj + . (12)
Now, by (1), for j=0, 1, ..., N&1,
2j ( f )&2j (gN)= :
+
n=N
;n
DN
Dq jn& j
,
and, for any nN, one has
deg \;n DnDq jn& j+ &nq
n+qn(%+ j)&NqN+qN(%+ j),
so, by (4.3) and (4.23), for j=0, 1, ..., N&1,
deg \(2j (gN)&2j ( f )) 9j (x)Dj +
&NqN+qN(%+ j)&
q j+1
q&1
+
|x| qqq&1
exp(1) log(q)
,
deg \(2j (gN)&2j ( f )) 9j (x)Dj +
qN \%& qq&1++
|x| qqq&1
exp(1) log(q)
,
and, by (12),
deg(gN(x)&hN(x))qN \%& qq&1++
|x| qqq&1
exp(1) log(q)
. (13)
By (10), (11), and (13), for any NN2(x), one has
deg( f (x)& f (x))
max \qN \%& qq&1++
|x| qqq&1
exp(1) log(q)
, qN(%+deg(x))&NqN+ ,
so
f (x)= f (x). (14)
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In view of (4.16), a0( f )=0, in view of (14), (7), and (4.15), for any
nonnegative integer s, for any i # [qs, qs+1[, one has
(&1)s+1 1 i*ai ( f )= :
deg Hs
H # A \ :
+
j=0
2j ( f )
9j (H)
Dj + Gi*(H),
so
(&1)s+1 1 i*ai ( f )= :
+
j=0
2j ( f )
Dj
:
deg Hs
H # A
9j (H) Gi*(H).
With (4.6) and (4.11), for any j0,
:
deg Hs
H # A
9j (H) Gi*(H)= :
deg Hs
H # A
Gq j (H) G$qs+1&1&i (H).
According to [2, Theorem 7],
:
deg Hs
H # A
9j (H) Gi*(H)={
0
(&1)s+1
Ds+1
Ls+1
if i{q j,
if i=q j.
Hence, if i is not a power of q, ai ( f )=0, if i=qs,
1 i*ai ( f )=
2s( f )
Ds
Ds+1
Ls+1
,
and by (4.1), (4.2), (4.5), and (4.12),
(DsDs&1 } } } D1)q&1 ai ( f )=2s( f )
Ds+1
Ls+1
=Dq&1s 2s( f )
Ds
Ls
= } } } =(DsDs&1 } } } D1)q&1 2s( f )
D0
L0
,
ai ( f )=2s( f ).
If i=qs, by (4.6), Gi (X)=9s(X). Then, by (4.17), in the ring 0[[X]],
C( f )(X)= f (X).
We conclude with (14).
The two following corollaries are our Theorems 3 and 4.
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Corollary V.2. Let f be a Fq-linear entire function defined on 0 with
q-order less than or equal to 1 and such that f (A)=[0]. Then, f =0 or
|( f )=1 and {( f )qqq&1exp(1) log(q).
Proof. Similar to the proof of Corollary IV.7.
Corollary V.3. Let f be a Fq-linear entire function defined on 0 with
q-order less than or equal to 1 and mapping A on A. Then, f is a polynomial,
or |( f )=1 {( f )1exp(1) log(q).
Proof. Similar to the proof of Theorem IV.9.
VI. REMARKS
(i) The bound 1 for the q-order is the best possible. In the case of
Fq-linear functions of q-order equal to 1, the bounds given by Theorem V.1
and its corollaries are the best possible. Indeed, let
e(z)=z ‘
H{0
H # A \1&
z
H+ (6.1)
be the exponential associated to the lattice A. Then e is an entire function
which maps A on [0] and which is different from zero. The coefficients
ai (e) are equal to 0, so e does not admit a Carlitz expansion. On the other
hand, let
!=‘ ‘

j=1 \1&
(T q j&T)
(T q j+1&T )+ , (6.2)
where ‘ is a (q&1)th root of T q&T. One knows that e admits the Taylor
expansion
e(z)=
1
!
:

j=0
(&1) j
Dj
(!z)q j. (6.3)
A proof of this is to be find in [1, 3, or 6]. By (3.1), the q-order |(e) is
equal to 1 and the type {(e) is equal to qqq&1exp(1) log(q).
Let
:= :

j=1
1
Lj
, (6.4)
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and let
e!(z)=z ‘
H{0
H # A \1&
z
!H+= :

j=0
(&1) j
Dj
zq j (6.5)
be the exponential associated to the lattice !A, where ! is defined by (6.2).
Let
f (z)= :

n=0
(&1)n :qn
Dn
zqn. (6.6)
By (3.1), the q-order |( f ) is equal to 1 and the type {( f ) is equal to
1exp(1) log(q). Then, according to Theorem V.1,
f (z)= :
+
j=0
2j (g)
9j (z)
Dj
,
with
2j (g)= :
+
n= j
(&1)n :qn
Dq jn& j
.
Then, with (6.5), for any index j,
2j (g)=(&1) j \ :
+
k=0
(&1)k :qk
Dk +
q j
=e!(:),
and by [1, Theorem 7], we get
2j (g)=1.
Whence,
f (z)= :
+
j=0
9j (z)
Dj
,
and f maps A on A.
In the general case, we do not know if the bound 1exp(1) log(q) given
in Theorem IV.6 is the best possible.
(ii) The criterions given by Theorems IV.6 or VI.1 may be used to
separate entire functions of same type admitting Carlitz expansions from
the other ones. For instance, in the above examples f admits a Carlitz
expansion when e does not.
One has to notice that in [3], Goss gives a condition under which entire
functions admit Carlitz expansions. This condition is satisfied by e! or by
f and is not satisfied by e.
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(iii) Let L be a finite extension of the field K. Let B be the integral
closure in L of the ring A. Let L denote the completion of L for the
infinity valuation. Then, K is an algebraic closure for L . The above
method leads to the following result.
Proposition VII.1. Let f # Ent(0) be such that
(i) f (H) # B for any H # A,
(ii) |( f )<1, or |( f )=1 and {( f )<1exp(1) log(q).
Then, either f is a polynomial or |( f )=1 and {( f )1exp(1) log(q)qqq&1.
In view of the two following propositions, one can say that the above
result is not the best possible.
Proposition VII.2. Let B be the integral closure of the ring A in the
extension L=Fqh(T ) of K=Fq(T ). Let f # Ent(0) be such that
(i) f (H) # B for any H # B,
(ii) |( f )<h, or |( f )=h and {( f )<1exp(1) log(q).
Then, either f is a polynomial or |( f )=h and {( f )1exp(1) log(q)
qqq&1.
Proof. We note that B is the polynomial ring Fqh[T]. Taking qh at the
place of q, we consider the qh-order of an entire function f. We note that
the q-order of an entire function f is h times the qh-order of f and that the
type associated to the qh-order is equal to the type associated to the
q-order. If f # 0[[X]] is an entire function such that f (H) # B for any
H # B, with qh-order less than 1, then, f is a polynomial, if the qh-order of
f is 1, if {( f )<1exp(1) log(q) and if f is not a polynomial, then, {( f )
1exp(1) log(q) qqq&1.
Proposition VI.3. Let B be the integral closure of the ring A in the
extension L=K(T1h) of K. Let f # Ent(0) be such that
(i) f (H) # B for any H # A,
(ii) |( f )<h, or |( f )=h and {( f )<1h exp(1) log(q).
Then, either f is a polynomial or |( f )=h and {( f )1h exp(1) log(q)qqq&1.
Proof. Here B is a polynomial ring Fq[Y] with Y=T 1h. For an entire
function f # 0[[X]], we may consider two q-orders, the q-order |( f )
which has been used so far, and the q-order |Y ( f ) which is defined in the
170 MIREILLE CAR
File: 641J 214524 . By:DS . Date:12:08:01 . Time:02:44 LOP8M. V8.0. Page 01:01
Codes: 5432 Signs: 2678 . Length: 45 pic 0 pts, 190 mm
same way, taking the infinity valuation associated to Y &1 at the place of
the infinity valuation associated to T&1. If f is an entire function of given
q-order |Y ( f )=|, we may define the type {Y ( f ) of f. We note that
|Y ( f )=|( f )h and that {Y ( f )=h{( f ).
The ring Z[i] is the ring of integers of the quadratic extension Q(i),
i being the square root of &1 which is the only nonsquare unit in the ring
Z of rational integers. For any nonsquare unit : in the ring A, that is to
say for : # Fq , : not a square in Fq , the polynomial ring Fq2[T] is the
integral closure of A in the quadratic extension K(- :). If we agree that
Fq2[T] is the polynomial analog of the ring Z[i], then, Proposition VI.2
gives a polynomial analog to the theorems of FukasawaGelfond
GrumanMasser. See [4, 5, 7].
In the examples provided by Propositions VI.2 and VI.3 the ring B is
principal, so, according to [8, 10], the B-module Int(B) of integer values
polynomials on B admits a regular basis, that is, to say a basis (Hn(X))
such that for each index n, degX (Hn(X))=n. Do the results remain true for
any extension L which is of degree h on K? If not, do the results remain
true only for extensions L such that the B-module Int(B) admits a regular
basis? Just now, we cannot answer these questions.
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